Newtonian gravity was formulated as a geometrodynamic theory as far back in 1930s by Elie Cartan in what is named aptly as Newton Cartan space time. Though there are several approaches of realizing the algebraic structure of the Newton Cartan geometry from a contraction of the relativistic results, a dynamical (field theoretic) realization of it is lacking. In this paper we present such a realization from the localisation of the Galilean Symmetry of nonrelativistic matter field theories.
Introduction
Newtonian gravity remains a celebrated theory of gravitation with a long list of excellent agreements between theory and experiment. However, it can only be an approximate theory because it is invariant under the galilean group and not under the Poincare group of transformations. Einstein's general theory of relativity (GTR) provided a beautiful theory of gravitation which is consistent with the Special theory of Relativity. It is a unique theory in the sense that spaceime became dynamic where gravity is equated with the curvature of spacetime. GTR is naturally framed on the four dimensional spacetime manifold. Since then the geometry of the spacetime manifold has been extensively studied. The Riemannian spacetime of GTR is generalised to Einstein -Cartan spacetime which is endowed with torsion in addition to curvature.
An alternative approach to theories of Gravitation was pioneered by Utiyama, Kibble and Sciama [1, 2, 3, 4] . They utilised the gauge principle so successful in other branches of modern theoretical physics to the Poincare group. The resulting theory is called Poincare Gauge theory (PGT). The theory is constructed by localising the Poincare transformations in Minkowski space. The starting point is a matter theory invariant under global Poincare transformations. Naturally, the invariance is lost when the parameters of the Poincare transformations are localised by making them functions of spacetime. Measures are taken to modify the matter theory such that it becomes invariant under the local Poincare transformations. The PGT emerges in the process. Compensating potentials are introduced , the dynamics of which is dictated by invariant densities constructed out of the field strengths following the usual gauge theoretic procedure [1, 2, 5] . This theory provides a source of diverse ramifications in classical gravity [5] . It also enables one to formulate gravity theories in noncommutative spacetime [6, 7, 8, 9] . The theories invariant under local Poincare transformations can be identified with diffeomorphism invariant theories in curved spacetime. The geometric interpretation of PGT, based on local Lorentz transformations (LLT) and general coordinate transformations or diffeomorphisms (diff) is buttressed by the careful demonstration of equivalence between different categories of transformation [10] , [11] and is also shown to be consistent with gauging higher order matter theories [12] .
Following the geometric setting of Einstein's theory attempts were made to formulate Newtonian gravity on a similar basis. Elie Cartan developed a four-dimensional geometrical formulation of Newton's gravitational theory in the thirties [13] . Later on Havas [14] , Anderson [15] , Trautman [16] , Künzle [17] and Kuchař [18] contributed to various aspects of the geometric formulations of the classical theory of gravitation. Dautcourt [19] , Ehlers [20] , Malament [21] and others approached the problem as a non-relativistic limit of general relativity. Of course in Newtonian Dynamics time flows universally in all Inertial Frames of reference (IFR). Naturally, the gravitational structure is defined in terms of an affine connection compatible with the temporal flow t µ and a rank-three spatial metric h µν . The connection of PGT with the Einstein -Cartan spacetime mentioned earlier raises the natural question -Is it possible to formulate the geometric structure of Newtonian gravity from localisation of galilean symmetry? In recent past several authors have approached the problem from different angles. A 3-dimensional gauging of the galilean symmetry a la Utiyama was done for a non -relativistic point particle model [22] . Also notable is the fact that in [22] the dynamics of the gauge fields was obtained by a contraction of the corresponding relativistic particle action and not by direct gauge theoretic approach. Elsewhere [23] , the problem of gauging the galilean group has been addressed from group theoretic approach. However, localisation of the symmetries of a galilean invariant field theory in line with the gauging of Poincare symmetries [4] and the subsequent realization of the Newton-Cartan Geometry remains to be analyzed in detail. Recently we have discussed the localisation of the Galileo symmetric models in connection with nonrelativistic diffeomorphism in 3-space [24] . One naturally wonders whether the localised theory can be interpreted as a geometric theory in 4-dimensional Newton-Cartan spacetime? That this is possible will be shown here.
In the present paper we would like to address the above problem following the localisation procedure introduced in [24] . Evidently a more elaborate treatment of this procedure will be essential here. In what follows we will use the analogy to the Utiyama method of the realisation of the Einstein-Cartan spacetime from Poincare Gauge Theory (PGT) in letter and spirit. This will naturally lead, step by step, to an explicit realisation of the Newton-Cartan space.
Achievement of the localisation of Galileo symmetric matter theory yields a nonrelativistic field theory in external gravitational field [24] . As a concrete example we have considered the Schrodinger field. The structure of the localised theory enables us to introduce a metric in the 3-space. The resulting theory is a diffeomorphism invariant nonrelativistic theory. Remarkably, field theories having the non relativistic diffeomorphism invariance in 3-space have been utilised as effective field theories in studying Quantum Hall effect in the recent past [25, 26] . Our calculation in [24] traces the origin of such effective theories and the subtleties involved therein. Since [24] is a precursor of the present work we will give the results reported there somewhat more elaborately to illuminate the geometric aspects. Also, the efficacy of the localisation procedure will be verified by taking the Schrodinger field theory as example. First, we check the symmetry of the action under global galilean transformation. Then the spacetime symmetry of the model will be localised by the general method developed in our paper. The consistency of the algorithm will be verified by checking the local galilean symmetry of the model explicitly.
A thorough treatment of the localisation of the galilean symmetry sets up the stage to formulate the localised theory in 4-dimensional space time. The basic fields introduced during the localisation process are regrouped in an invertible 4 × 4 master matrix. The elements of this matrix and its inverse provide the necessary components to reconstruct the Newton-Cartan structures. A four dimensional manifold M is defined where the connections between the local and the global bases will be given by vielbeins obtained from our pool of fields. At this point a geometrical connection is established which has of course been motivated by our experience of nonrelativistic diffeomorphism in space. These vielbeins are then used to generate the degenerate metrics of the Newton-Cartan space. Also a connection is derived from the vielbein postulate. These constructions have to go through several stringent tests. On one hand their transformation rules are determined by the localisation procedure outlined in [24] and further elaborated here. On the other side, in the new geometric avatars, they have to satisfy definite tensorial transformation rules. On top of it they have to satisfy the salient geometric properties of the Newton-Cartan spacetime. Successful verification of all these properties sets our construction on a firm footing. We thus have a dynamical realization of the Newton-Cartan spacetime without taking any help from the relativistic theories -be that the contraction of the relativistic particle dynamics as in [22] or, the contraction of the Poincare algebra as in [23] .
Before finishing the introduction it will be appropriate to discuss the structure of the paper. In section 2 a review of the localisation of Poincare symmetry from relativistic Lagrangian model will be presented. In section 3 the localisation of galilean invariance in a general nonrelativistic matter theory will be discussed. This is an elaboration of the results provided in [24] and contains new details of calculations which highlight the geometrical perspective more clearly. The example of the Schrodinger model is taken for illustration of our formalism. Explicit checks of the galilean invariance of the localised model are provided. The emergence of nonrelativistic diffeomorphism invariance and its connection with the theories currently in vogue for describing fractional quantum Hall effect have been discussed in separate subsections. Section 4 contains the main results of this paper where guided by geometric analogy we construct the basic structures of the Newton-Cartan spacetime. The final section as usual contains the concluding remarks.
Localisation of Poincare Gauge Theory -a Brief Review
Our path to the construction of Newton-Cartan spacetime rests heavily on the localisation of galilean symmetry. This localisation, explained in the next section, closely follows the well known localisation of the Poincare symmetry [1, 2, 3, 4] . We therefore provide a brief review of this procedure in the present section.
Consider the global Poincare transformations in the Minkowski space:
where To proceed further we require to construct a local basis e i at each spacetime point to which the localised Poincare transformations will be addressed. Thus, inspite of the fact that they are related trivially to the coordinate basis e µ by e i = δ µ i e µ . the differentiation is important.
We consider a matter action invariant Under (1) . Then the the corresponding variation of the action must vanish. Now, If the action is given by
then under (1) it transforms as
Suppose the Lagrangian L is of the usual form,
the variation ∆L under(1) is obtained as
where δL gives the form variation of the Lagrangian. 1 The following condition is sufficient for invariance of the theory 2 ∆L = 0
For global Poincare transformations
further the field and its derivative transform as in the following
Σ ij satisfy the Lorentz algebra:
where L ′ the transformed Lagrangian. 2 In the most general case a total divergence may be added to the right hand side. However the condition (6) is sufficiently general in (3+1) dimensions.
The invariance condition (6) is satisfied as a result of the equations (7), (8) and (9) .
If the parameters θ and ǫ are considered as function of space -time coordinates then the Poincare transformations (1) are localised. Now it is convenient to take θ and ξ to be independent parameters. It is obvious that the action (2) will now no longer be invariant under local Poincare transformations. Basically there are two reasons. Firstly, the equation (7) is no longer true and secondly the transformation rules of δ∂ k φ becomes
which is different from (9) Poincare gauge theory emerges from the attempt to modify the matter action so as to make it invariant under the local Poincare transformations. The process of gauging the global Poincare transformations culminates in the replacement of the ordinary derivatives ∂ k φ by some covariant derivative ∇ k φ, such that the latter transform as (9) . Two steps are required in this procedure. To begin wih the θ -covariant derivative ∇ µ is introduced which eliminates the ∂ µ θ ij term from (11) . ∇ µ is defined as
where ω ij µ are the 'gauge potentials'. The required transformation of ∇ µ φ is then
The transformation of the 'gauge Field' ω ij µ is determined from this requirement. In the following step the covariant derivative in the local frame is constructed as
where b 
This transformation rule is formally identical with (9). So we get the required transformation. When we replace the ordinary derivative ∂ k by the covariant derivative ∇ k in the matter Lagrangian density it is converted to an invariant densityL =L(φ, ∇ k φ) under local Poincare transformations. The violation of equation (7) can be remedied by altering the measure of spacetime integration suitably. Te result is an invariant action I which is given by
The transformations (15) of the 'potentials' ensure the invariance of I.
Localisation of Galilean Symmetry
As mentioned in the introduction we will localise galilean symmetry of nonrelativistic field theories following the approach of the Poincare Gauge Theory reviewed above. Of course there will be fundamental difference due to the different concepts of space and time in non relativistic theories as compared with relativistic theories. The global galilean transformations are given by,
where,
Here ǫ, ǫ i , ω ij and v i are constants. ω ij are antisymmetric under interchange of the indices. The transformation (17) consists of time translation, spatial rotations and galilean boosts. In the GalileoNewton theory time is absolute and space is a 3-dimensional manifold. This is opposed to the 4-dimensional spacetime manifold of relativity theory.
Consider a nonrelativistic model which is invariant under global galilean transformations (17) given by the action
Here we have assumed that φ is a scalar under the galilean transformations. Our model is perfectly general except this assumption.
In order to understand the mechanism of localisation it will be helpful to see how the theory (19) remains invariant under (17) . Under the general coordinate transformation x µ → x µ + ξ µ where x µ ≡ (t, x, y, z) and ξ µ ≡ (ξ 0 , ξ i ), the action (19) changes by,
and
Here δ 0 L denotes the form variation of the Lagrangian.
For invariance we require,
Under global galilean transformation (22) is ensured by two conditions. Firstly now ∂ µ ξ µ = 0, which may be explicitly checked using (17) . So the second condition reduces to,
to satisfy (22) . Next, this reduced condition is satisfied by the specific form variations of the field and its derivatives given below
In (24) we have exploited the fact that φ is a complex galilean scalar [27, 28] . In particular this explains the last term in the expression of δ 0 φ. The variations (24) satisfy the condition (23).
To gain better insight, we consider the Schrodinger field theory as an example of a nonrelativistic model, where the action is given by
The next step will be to prove that this model is invariant under the global galilean transformations (17) . The variation of L under (17) is,
Now we analyze the individual terms in (26),
For the contribution of the boost part of the global galilean transformation, (26) gives (using 27, 28, 29),
After a little calculation (30) simplifies to,
From (21, 31), we are led to the following result,
The other parts of the global galilean transformation also render the action invariant in a similar way. So it can be concluded that the action (25) is invariant under the global galilean transformation.
Localisation of (17) will naturally depend on the Galileo-Newton concept of spaceime. In Cartan's construction the 4-dimensional spacetime manifold was defined in terms of an affine connection compatible with the temporal flow t µ and a rank-three spatial metric h µν . This motivates us to localise (17) in the following way
where
Now we will introduce local coordinates x a at each point of space for the local galilean symmetry group. The local basis e a corresponding to local coordinates is assumed to be connected with the global basis e k .
The vectors in the local basis are labeled by the initial Latin alphabets whereas those of the global (coordinate) basis are labeled using Latin alphabets from the middle. If one basis is orthogonal then the other is also so on account of (34):
Note that, as we proceed the distinction between local and global coordinates will become nontrivial .
When the galilean transformation parameters are made local the partial derivatives ∂ k φ and ∂ t φ no longer transform as (24) . Following the gauge procedure one needs to introduce covariant derivatives which will transform covariantly as (24) . The first step in the process of localisation is to convert the ordinary derivatives into covariant derivatives with respect to the global coordinates. To begin with, introduce the gauge fields A t and A k such that,
The gauge fields A t and A k correspond to gauging the rotations in 3-space and galilean boosts. As such they have the structures,
where λ ab and λ a are respectively the generators of rotations and Galileo boosts. Since we have assumed our fields to be three scalars so λ ab = 0. We may ignore A ab k and A ab t . The expression for the generator of the Galileo boost is λ a = mx a . But for the sake of generality we will keep the form (37). Taking the form variations of (36) we get,
Note that the variations δ 0 A t and δ 0 A k are undetermined at this stage. They can be chosen so as to make the terms in the parenthesis vanish. But still the variations given by (38) differ from the required structure (24) . This is expected as a similar situation happens in the case of the PGT also. In case of PGT we choose the variations of the A fields at this stage. Now PGT is primarily a gauge theory formulated in the Minkowski space which is a (3+1) dimensional manifold. But here we are localising in R 3 × R. So the difference of methodology in gauging is likely as has been mentioned earlier. Thus here we retain the freedom of choosing the transformation rules of A t and A k at a later stage.
As explained above the intermediate covariant derivatives (36) will now be used to define the covariant derivatives with respect to the local coordinates which will be required to have the appropriate transformation property to ensure the local galilean symmetry. We start from the covariant derivative with respect to the local spatial coordinates. Introducing additional new fields Σ a k (t, r) we define the new covariant derivative ∇ a as,
The fields Σ a k (t, r) carry two indices, the lower one refers to the local coordinates and the upper one corresponds to the global coordinates. After a long algebra we find that,
To ensure that the transformation of ∇ a φ is of the same form of ∂ k φ we impose,
The local and global coordinate systems were set up in three space. In Newtonian Physics (which is invariant under global galilean transformation) time runs uniformly. The particular form of localised galilean transformations indicate that there may be an arbitrary scaling along the time arrow. From the form of δ 0 D t φ it is evident that the local covariant derivative ∇ t φ will be a combination of D t φ and D k φ. So we propose,
θ (t) and Ψ k (r, t) are additional fields, the transformations of which will be chosen along with that of A t such that ∇ t φ transforms covariantly. Calculation leads to the following results,
where Λ k a is the inverse of
It is easy to show that
The first stage of localisation of the galilean symmetry (17) is now over. One now substitutes ∂ t φ, ∂ k φ by ∇ t φ, ∇ a φ in the Lagrangian L (φ, ∂ t φ, ∂ k φ). As a result the Lagrangian becomes L ′ (φ, ∇ t φ, ∇ a φ).
So one condition (23) for the invariance is satisfied. However the other condition ∂ µ ξ µ = 0 does not hold when the galilean transformations are localised. Thus the modified Lagrangian L ′ is still not invariant under local galilean transformations. We require a further modification as,
To make the action invariant under the whole local transformation we have to satisfy (22) . This leads to the following requirement,
The task is to find a Λ, which solves the above equation. We make the following ansatz,
Now we will demonstrate that, this expression of Λ satisfies (47).
Now the transformation of M is given by,
The transformation rule of θ is obtained from (43) and δ 0 M can be calculated using δ 0 Σ a k from (41) in (51).
If we analyze individual terms in (50) then we will get,
Adding all terms we reproduce the condition (47). Hence it is proved that the Lagrangian is invariant under local galilean transformation.
We thus derive the rules of localising the galilean symmetry of a nonrelativistic model. The algorithm is as follows. Introduce local coordinates at each point of 3-d space. The local basis is connected to the coordinate basis by (34). If the original theory is given by the action
invariant under the global galilean transformation
where ξ µ is defined in (17) , then
is invariant under the corresponding local galilean transformations (33).
To illustrate the algorithm of localising the galilean symmetry we consider the Schrodinger field theory (25) which was invariant under the global galilean transformation. The localised version that follows from our algorithm is obtained in two steps. first, the Lagrangian corresponding to (25) is modified by substituting the partial derivatives by the corresponding covariant derivatives. Next, the measure is corrected. The modified Lagrangian including the measure is given by,
Under the local galilean transformations the modified Lagrangian L ′ satisfies,
as can be shown by the following calculation. First,
Now if we analyze the individual terms then we will get as follows,
Considering only the contribution of the boost part of the local galilean transformation we will get from (61),
So from ( 65, 66),
Using (47) and (67) it therefore follows,
Therefore, our Lagrangian (59) is invariant under local galilean transformation.
Nonrelativistic Diffeomorphism Invariance
We will now demonstrate a key implication of (58). This construction naturally leads to nonrelativistic 3-d diffeomorphism invariance under the condition that ξ 0 vanishes. With this condition, the local galilean transformation will be of the form,
where ξ i is an arbitrary function of r and t 3 . We find that θ = constant if ǫ = 0, from the first equation in the set of transformations (43). Without any loss of generality we are considering θ = 1 here.
Now we define the 'metric tensor' g ij as,
We find that g ij transforms under the local transformations,
using the transformation relation of Λ k a from (45). These transformation relations (71) ensure that g ij may serve as an appropriate definition of the metric in nonrelativistic diffeomorphism invariant 3-d curved space. Using (49, 70) we can also comment that M = √ g where g is the determinant of g ij . Plugging the form of M in (58) the local galilean invariant action becomes,
The above action will be 3-d nonrelativistic diffeomorphism invariant.
We can demonstrate this through the concrete example of the Schrodinger field theory (25) . It was already shown in the previous section that this action is invariant under the global galilean transformations (17) . In addition, this theory (25) is also invariant under the global phase transformation δ 0 φ = iαφ where α is the gauge transformation parameter.
Following the prescription for obtaining nonrelativistic diffeomorphism invariance stated earlier, the action (25) takes the form,
Now we will analyze the last term in the parenthesis of (73). It can be written as,
provided we define g kl as,
From (70,75, 44),we see that
Therefore we can call g kl as the inverse metric.
Plugging (74) in (73), the most general 3-d diffeomorphism invariant Schrodinger action can be obtained as,
Recently, such theories have found applications in theoretical condensed matter physics. Note that, by replacing g kl by δ kl , and substituting covariant derivatives by ordinary derivatives, the flat limit of (77) can be obtained, which immediately reproduces (25) .
It can also be observed that this theory (77) is invariant under local gauge transformation,
As has been already mentioned, our starting model (25) was endowed with global gauge symmetry in addition to the global galilean symmetry. It is now observed that our prescription of localisation of the spacetime symmetry has automatically localized the gauge symmetry of this model.
Application to Fractional Quantum Hall Effect
In the introduction, it has already been mentioned that nonrelativistic diffeomorphism invariant models as (77) are currently in vogue in condensed matter theory for the analysis of the motion of two dimensional trapped electrons [25] , specifically in connection with the study of FQHE. For a better understanding of this connection, let us consider a special case of (69) where ξ i is time independent. In that case v i = 0 and η i is a function of space only, as can be checked from (33). Subject to the restrictions (and also the fact that ǫ = 0) the last equation of (43) simplifies as
Sp that Ψ k = 0 is a possible solution. Also, recalling that θ = 1 (see below (69)) the covariant derivative (42) becomes,
. In this case the action (77) reduces to,
It is noted that this action (79) is exactly of the same form as diffeomorphism invariant nonrelativistic 3-d Schrodinger theory introduced in [25] as an effective field theory. For time independent ξ i and Ψ k = 0, we get from (41, 43)
The variations of A's in (80) exactly match with the relations given in [25] . Therefore we can state that in the static transformation limit our construction systematically leads to the nonrelativistic diffeomorphism invariant effective field theory of [25] .
The question of time varying diffeomorphism parameters demands careful considerations. Such situations will automatically appear if we include local Galilean boost in the effective 3-d diffeomorhism parameter ξ. The condition (43) clearly shows that when ξ is time dependent, Ψ k cannot be zero. Thus one has to consider the general form (77) as the effective 3-d diffeomorhism invariant theory if one adopts the approach of constructing the nonrelativistic diffeomorphism invariant model by systematic localisation of Galilean symmetry. However there could be some other approach leading to different nonrelativistic diffeomorphism invariant model.
Dynamical Construction of Newton-Cartan Geometry
In the previous section we have seen that our method of localisation of the galilean symmetry leads to models which are 3-dimensional diffeomorphism invariant. The fields Σ a k act as vielbein in space through which we have defined the spatial metric. Note that here we were confined to spatial transformations only. However the geometric interpretation of our galilean gauge theory is far reaching. Just as Poincare gauge theory leads to the Einstein-Cartan spacetime [4, 5] the galilean gauge theory will be shown to obtain the Newton-Cartan spacetime. So far the gauge procedure employed to realize the same depended on the contraction of Poincare algebra [23] and was devoid of any underlying dynamical structure. In contrast our method does not presuppose the relativistic spacetime.
Structure of Newton-Cartan Spacetime
Before beginning the actual construction it will be useful to review the salient features of the NewtonCartan spacetime [19, 23] . It is a four dimensional manifold M endowed with two degenerate metric of rank 3 and rank 1 respectively. It is convenient to take a degenerate spatial metrics h µν of rank 3 and a degenerate temporal vielbein τ µ of rank 1. A connection Γ µ νλ is assumed with respect to which the following metricity conditions hold,
To get an explicit form of the connection Γ µ νλ we also require to introduce the covariant quantities h µν and τ µ . These are defined by the following properties
Using these the connection can be written as,
But the connection Γ ρ µν is not uniquely determined by the metric compatibility conditions (81). These conditions (85) are also preserved under the shift,
where K µν is an arbitrary two-form [19] . Now it is possible to write the most general form of the metric compatible symmetric connection using this arbitrary two-form and (83) as [19, 23] ,
Geometrical Interpretation of The Galilean Gauge Theory -Consruction of The Newton-Cartan Geometry
We now proceed to discuss the realization of the Newton-Cartan geometry from our method of localisation of the galilean symmetry. In the present section we will consider the geometric interpretation of the localisation of galilean symmetry in its full glory. We define a four dimensional manifold the 'coordinates' of which by x 0 , x 1 , x 2 , x 3 . Set up local and global frames. Redefining the new fields introduced in the previous section as,
and putting Σ a 0 = 0 we can construct the 4 × 4 invertible matrix,
where Σ a k has already been introduced in (39). The inverse matrix Λ µ α satisfies,
The spatial part Λ k a is the inverse of Σ a k as may be seen in (44). Note that we are denoting the local coordinates by the initial Greek letters i.e. α, β etc. whereas the global coordinates are denoted by letters from the middle of the Greek alphabet i.e. µ, ν etc. From the definitions of Σ α µ and Λ µ α and the transformations of the various fields involved we can obtain the corresponding transformation laws. Thus,
Using the definition of ξ i from (33) the above can be simplified to,
Similarly we can work out,
Our next task is to show that the 4-dimensional spacetime manifold endowed with the matrix Σ α µ and its inverse Λ µ β has the features of the Newton-Cartan geometry. With this point in view we write down a degenerate spatial metric h µν of rank 3 and a degenerate temporal vielbein τ µ of rank 1 in the following way
From the form variations of the basic fields (see (41,43, 45)) we get,
Similar results can be obtained for δ 0 τ µ .
Using these relations it is easy to show that they have correct tensorial properties,
The quantities Σ α µ and Λ µ α can be considered as direct and inverse vielbein and the fields A αβ µ (37) may be interpreted as the spin connection. The affine connection Γ ρ νµ is introduced through the vielbein postulate [23] ,
For α = 0 from (98) we can get,
Equation (99) implies,
Now using (93),we find,
as A µ 0β vanishes for galilean transformation. This proves the metricity condition (81) for τ µ .
The proof of the metricity condition for h µν is a little bit involved. From (98)using (88) it can be shown that,
Considering δ = a, β = b we get,
Multiplying Σ a ρ to (103) gives,
Then we interchange the indices ρ, σ,
Adding (104, 105) and using the antisymmetric property of A µ ab we will get,
where h µν is defined in (92). That means,
Thus we can conclude that our constructions of h µν (92), τ µ (93) and Γ ρ νµ (98) satisfy the metric compatibility conditions (81).
Our next task is to entirely express the connection in terms of the metric. For this we require the covariant metric h µν and contravariant τ µ . Let
Using (92) and (93) we immediately get,
Also the identifications (109)and (93) show that
From the definitions (108) and (109) we find
Finally we can easily verify that
This completes the realization of the Newton-Caran algebra.
Finally, it will be shown that the connection Γ ρ νµ defined in (98) can be put in the general form (85) as required in the Newton-Cartan construction. We can write from (98),
As, Σ a ρ = h ρσ Λ σ a , the above expression will take the form as,
To get the desired expression for the connection we need a little more algebra. Assuming that the connection is symmetric, Γ
we can write from the first line of (112),
After a little calculation we can get,
Using (116) we can get the cherished form of the connection from (113) that resembles the structure (85),
where the two form K is defined as,
Conclusion
Newtonian gravity was cast as a geometric theory on 4-dimensional spacetime by Elie Cartan [13] , and was subsequently developed by many stalwarts [14] to [21] . Interest in the problem has been rekindled due to the possible applications of nonrelativistic diffeomorphism in NR superparticle theory [29] , fractional Quantum Hall effect [25] and also in holographic theories [30] . Furthermore, a novel formalism for the emergence of spatial diffeomorphism was developed by localising the galilean symmetry of nonrelativistic field theories [24] . The analysis was already poignant with geometrical analogy and the possibility of obtaining the Newton-Cartan geometry a la the emergence of Einstein-Cartan spacetime from Poincare gauge theory was indicated [24] .
In this paper we have presented a complete account of the localisation of the global galilean invariance of nonrelativistic field theories leading to a dynamical realization of the Newton-Cartan geometry. The fields introduced during the localisation of the galilean symmetry were used to build the structures of this geometry. It is a new formulation which differs fundamentally from the earlier works. For instance, gauging of galilean symmetry of a non relativistic particle model was performed earlier in [22] but the gauge fields were not utilised to link with Newton-Cartan gravity. Rather the gravitational dynamics of the gauge fields was obtained from the contraction of a relativistic particle model. In another approach, gauging of the galilean algebra was performed from a contraction of the Poincare algebra [23] .
To facilitate the exposition of our work a short review of the basics of Poincare gauge theory is provided. A general Lagrangian field theory invariant under the galilean group of transformations has been considered. The parameters of this group of transformations are constants. Localisation of these transformations means to make the parameters functions of space and time. Naturally the original theory is no longer invariant under these local galilean transformations. The invariance is brought back in two steps. First, locally covariant derivatives were obtained that transformed under the local transformations in the same way as the partial derivatives under global transformations. Secondly, the integration measure was required to be suitably changed. The algorithm was illustrated by taking a nonrelativistic (Schrodinger) field theory as an example. So far our attention was confined entirely within nonrelativistic field theories in Euclidean space and universal time. For vanishing time translation parameter our theory, invariant under local rotation and boosts, was demonstrated to be equivalent to field theory in curved space. This means that a general prescription was obtained to formulate a nonrelativistic diffeomorphism invariant theory. As already mentioned such theories have recently been employed for analysing fractional quantum Hall effect.
The geometrical analogy was then pushed forward in a big way. Introducing a 4-dimensional manifold we were able to identify the vielbein fields from the set of fields introduced during gauging. Using only the vielbein postulate we were able to endow the 4-dimensional manifold with structures that makes it equivalent to the Newton-Cartan spacetime. It was indeed gratifying to observe how the transformation rules obtained during the localisation procedure provided the correct geometrical transformations to the various objects of the Newton-Cartan spacetime.
As a future prospect we would like to abstract Newton's gravity from the Newton-Cartan spacetime using the various structures introduced here.
